SM LFM Stats And Pure - Polynomials (with Solutions)

Question (1980 STEP I Q3)

Let p(x) be a polynomial of degree 4, with real coefficients, and satisfying the
property that, for all rational numbers «, p(«) is a rational number. Prove that p(x)
has rational coefficients. If ¢(z) is a polynomial with rational coefficients, and ¢(n) is
an integer for every integer n, does it follow that g(x) has integer coefficients? Give
either a proof or a counter-example. [A rational number is a number of the form p/q
where p, ¢ are integers, g # 0.]

Question (1981 STEP II Q3)

Suppose that f(n) is a polynomial with rational coefficients of degree k > 0 in n
where n is an integer. Show that the function

g(n) = f(n) = fln—1) (1)

is a polynomial of degree k — 1. Show also that if f(n) has the form g(n) - g(n +
1) - g(n + 2) (for some polynomial g(n)), then g(n) is divisible by g(n) - g(n + 1).
Evaluate the sum

= 1
fn) = ; P+ 1302 +r+1) @

and hence show that f(n) is a perfect cube for all values of n.

Question (1980 STEP III Q3)
Let z1,...,x, be distinct real numbers. Write down an expression for a polynomial
e, of degree n — 1, such that
1 (I=k),
ex(T1) = { (=)

0 (k).

Given real numbers ay, ..., a,, find a polynomial p, of degree at most n — 1, for
which p(z) = o (kK = 1,...,n). Show further, given numbers i, ..., 3,, that
there is a polynomial ¢, of degree at most 2n — 1, such that both ¢(zx) = ax and
¢ (zx) =Bk (k=1,...,n). [It is sufficient to prove the existence of ¢; you are not
expected to find its coefficients in an explicit form. In the last part of the question,
you may find it helpful firstly to find a polynomial n; such that

m(z) =0 (1 =1,....n), np(zx) =1, () =0 (l #k,l=1,...,n)]
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Question (1982 STEP III Q5)

Let m and n be integers with 0 < m < n. The function f, ,(z), defined for |z| # 1,
is given by
(@"—1)(z""1-1)...(zn—m+1_1) .
fn m(l‘) = (a;m_l)(xmfl_l)_“(x_l) if m > 07

Prove that for 0 < m < n,
fn,m(x) = fnfl,mfl(x) + $mfn71,m(x)‘

Show that fy, ,(x) can be expressed as a polynomial of degree m(n —m) for |z| # 1,
and that the value of this polynomial when z = 1 is equal to the binomial coefficient

(w)

Question (1977 STEP IIII Q1)
Polynomials C,(x) are defined by
CO(x) = 17

Cr(x):x(a:—l)...(x—r—l-l) for > 1.
7!

(i) Show that if n is an integer, then so is Cy(n). (ii) Show that any polynomial p(z)
with rational coefficients can be expressed in the form

bka(a:) + bkflckfl(.%') + ...+ boCo(.%’),

where all the b,’s are rational and k is the degree of p(x). Suppose further that
whenever n is an integer, then so is p(n). Show that all the b,’s are integers. (iii)
Suppose that p(z) is a polynomial with real coefficients such that whenever a is a
rational number then so is p(a). Show that the coefficients of p(x) are all rational.
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Question (1977 STEP IIII Q8)

(i) By considering A(1 + 1 — 22)" for suitable values of A, and n, show that, given
e>0and 0 < f <a <1, we can find a polynomial P(x) such that

P(z) > 1 for |z| < B,
0<P(z) <1lfor g <|z| <a,
0<P(x)<efora<|z| <1

(ii) Show that, given € > 0, there is a polynomial Q(x) such that
Q(z)] <efor —1 <z < —¢,

—e<Q(z)<l+4+efor —e<z<e
|Q(z) — 1] <efore<z<1.

(iii) Show that, given ¢ > 0 and 0 < a < 1, there is a polynomial R(z) such that
|R(z)| <efora<|z| <1,

|R(z) — (1 —a Y|z|)| < € for |z]| < a.

Question (1982 STEP IIII Q6)

Express the sum of the fifth powers of the roots of a cubic equation in terms of the

sum of the roots, the sum of the squares of the roots and the product of the roots.

t Ei:g;;igg:gzig:gz = 5(z—y)(y — 2)(z — ) for all distinct real numbers

Prove tha
x, Yy, Z.

Question (1959 STEP I Q104)

Prove that, if h(x) is the H.C.F. of two polynomials p(x), ¢(x), then polynomials
A(x), B(z) exist such that

A(z)p(x) + B(z)q(z) = h(z).
Obtain an identity of this form when

px)=2z%-1, q¢(z)=2°%-1.
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Question (1962 STEP I Q104)

x1,...,Z, are distinct numbers and, for 1 < r < n, p,(x) is written for
(x—x1)...(r —xp1)(x — Tpy1) ... (T — xp).

By considering
n
Z QrPr (‘T ) )
r=1

for suitably chosen «,., show that it is possible to find a polynomial of degree not
exceeding n — 1 which takes given values at x1, ..., x,. Similarly, by considering

n

Z(ﬁrw =+ ’Yr){pr(x)}ga

r=1

show that it is possible to find a polynomial of degree not exceeding 2n — 1 which
takes given values at z1,...,x, and whose first derivative also takes given values at
these points.

Question (1962 STEP II Q102)

Explain how turning values and points of inflexion of the function y = f(z) can be
found by studying the successive derivatives of y. Find the values of x for which the
function

_ 2 — 2+ 4

= P rotd

has turning values and discuss their character. How many real roots has the equation

Y

3a—-1)+2%(a+1)+4(a—-1)=0

for different values of a?

Question (1950 STEP I Q102)

Explain briefly how to find the H.C.F. of two integers or two polynomials. If m
and n are positive integers whose H.C.F. is k, prove that the H.C.F. of the integers
2™ — 1 and 2" — 1 is 2 — 1 and that the H.C.F. of the polynomials 22" — z and

n . k
iL'Q —[BISI’2 — X.

Question (1952 STEP I Q102)

Prove what you can about the number of real roots of each of the equations
(i) (x—a1)(z —az)...(x —ay) + (x —b1)(x — bg)...(x — by) =0, where

a1 >by >a0 >by- > a, > by

(ii) (x —a)™+ (z —b)™ = 0 where a > b and m is a positive integer.
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Question (1950 STEP IIII Q201)
Find whether any of the roots of the equation

2° + 8x* + 62° — 4222 — 192 —2 =10

are integers, and solve it completely.

Question (1950 STEP II Q405)

Show that the conditions that an algebraic equation f(z) = 0 has a double root at
x = a are that f(a) = f’(a) = 0. If the equation

2t —(a+b)ad+(a—bz—1=0

has a double root, prove that

ol
ol
Il
[\
ol

-b

Question (1951 STEP II Q408)

Prove that the equation x® — 3pz? + 4¢ = 0 will have three real roots if p and ¢
are the same sign and p > ¢?. Show that two roots will be positive or negative
as the sign of p and ¢ is positive or negative. (It may be assumed that neither p
nor ¢ vanish.) Find out by these results as much as possible about the roots of the
equation

z® — 622 + 16 = 0.

Question (1950 STEP II Q201)

Find a polynomial of the ninth degree f(x), such that (z — 1)° divides f(x) — 1 and
(x + 1)® divides f(x) + 1. Prove that the quotients do not vanish for any real value
of x.

Question (1948 STEP IIII Q302)

Find the highest common factor of
fz) =27x* + 2723 + 220+ 4 and g(z) = 543 + 27z + 11.

Hence show that the equation f(z) = 0 has a repeated root, and solve it completely.

Question (1948 STEP II Q401)

Solve the equation:

825 — 54x® + 109z* — 10823 + 10922 — 54z + 8 = 0.

Solve the equation:

825 — 54x® +109z* — 10823 + 10922 — 54z + 8 = 0.
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0 = 825 — 542° 4+ 109z* — 108z> + 10922 — 54z + 8
= 0=8@3+2%) —bd(a® + 272 +109(z + 1) — 108
=8((z4+2 ) =3@+a2 1)) =54z +2H? —2) +109(z + z~) — 108
=82 — 242 — 542% 4 108 + 109z — 108
=823 — 5422 + 852
= 2(82% — 542 + 85)
= z(2z —5)(4z — 17)
1
= O=z+— (no soln)
X
5 N 1
O a4t
2
=  0=22>-5z+2
=2z —1)(x—2)
1
= =2 =
Xz s 9
17 Ll
— = —
4 T
=  0=42®>— 17z +4
=4z — 1)(z —4)
1
=4, =
X s 4

Therefore z € {2,1,4,1}

Question (1945 STEP II Q202)
Prove that, if the equation

az" + a1z 1+ 4a, =0

is satisfied for more than n distinct values of x, then ag,aq,...,a, are all zero. A
function f(z) is said to be rational, if it can be expressed in the form P(z)/Q(x),
where P(z),Q(z) are polynomials in z. A function f(z) is said to be periodic, with
period k, if f(xz + k) = f(z) for all values of x for which f(x) is defined. Prove that

a periodic function cannot be a rational function.
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Question (1947 STEP II Q201)

If P and @ are polynomials and if the degree of () is less than the degree of P, show
that polynomials Py, Pp, Ps,... all of degree less than () can be found such that

P =YPQ".

Prove that the polynomials P; are unique.

If the roots oy, aa, . . ., ay, of the equation () = 0 are all different, find the polynomial
of least degree which takes the value a whenever () = 0 and whose derived polynomial
takes the value b whenever @ = 0.

[The derived polynomial of P(z) is the coefficient of h in the expansion of P(x + h)
in powers of h.]

Question (1947 STEP II Q202)

State a necessary and sufficient condition that
22 + dazz + 6byz + 4cxy + dy? + 2A(2? — yz)

shall be the product of two linear factors.
By taking z = 22,y = 1, state briefly the steps to be taken in order to find the roots
of the quartic equation

z* + dax® + 6bax? + dex + d = 0.
Hence find the roots of the equation

- -4+ +1=0.

Question (1948 STEP II Q301)

A number of the form p/q, where p and ¢ are integers (¢ # 0), is said to be rational.
Prove that a rational root of the equation

2"+ a1z"  +agr" % 4+ +a, =0,

where ay,as,...,a, are integers, is necessarily an integer. Prove further that, if |ay|
is a prime number, the equation cannot have more than three distinct rational roots.
Find the rational roots of the equation

8z° — 4z — 223 — 322 +1 =0,

and hence solve the equation completely.
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Question (1914 STEP I Q106)

Prove that, if n is a prime number,
(i) the coefficients in (1 4+ )™ except the first and last are all divisible by n.

(ii) the successive coefficients in (1 + 2)"~! when divided by n leave remainders 1
and n — 1 alternately.

(iii) the successive coefficients in (1 + x)"~2 when divided by n leave remainders
1,n—23n—-4,5n—6,....

Question (1932 STEP I Q101)
Shew that, if * + ax + b has a factor 22 + px + ¢, then

pS —dbp? —a® =0 and ¢® —b¢* —?@ —V* P+ 2 =0.
Solve the equation
z(z—1)(z—2)(z—3)=ala—1)(a—2)(a—3),

and find for what values of a the roots are all real.

Question (1941 STEP I Q106)

Prove that in general three normals (real or imaginary) can be drawn to a parabola
from an arbitrary point in its plane. If M is a fixed point on the parabola and P a
variable point on the normal at M, show that the line joining the feet of the other
two normals from P is parallel to a fixed direction.

Question (1914 STEP II Q209)

A quadratic function of x takes the values y1, yo, y3 corresponding to three equidistant
values of x; prove that, if y; + y3 > 2y, the minimum value of the function is

(y3 - y1)2
8(y1 + y3 — 2y2)

Y2 —

Question (1924 STEP II Q208)

Find values of a, b, c,d such that the curve y = ax3 + bx? + cx + d touches the lines
3r—y—6=0,3x+ 3y + 2 = 0 at their points of intersection with the axes of x and
y respectively. Prove that the curve touches the axis of x, and that the curvature at
the point of contact is 2.
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Question (1933 STEP IIII Q203)

g(z), h(x) are given polynomials, of degrees m,n respectively (m > n). Prove that
the degree of a polynomial (not vanishing identically) which can be written in the
form

(1) G(x)g(x) + H(x)h(z),

where G(z) and H(z) are polynomials, can be as small as, but not smaller than, a
definite integer v(> 0). Prove also that the polynomial x(z), which is of the form
(1) and of degree v, and in which the coefficient of =¥ is unity, is unique. Prove
that x(z) is a common factor of g(x) and h(x). Prove also that in the expression
of x(z) in the form (1), G(x) and H(x) can be found of degrees less than n and m
respectively.

Question (1915 STEP IIIII Q205)

Resolve
1222 +2—35 and bc— ca — ab+ a®

each into two factors and (622 — x)? — 7(622 — ) + 10 into four factors.

*10. Solve the equations:
(1) (a—b)x —ay = b(2a — 3b); (z —y) = 6b.
(2) 3z+5y=2%—2y% = 1.

*11. When eggs are lowered 1%d. per dozen, one dozen more can be bought for 30s.
Find the price per dozen.

Question (1938 STEP I Q301)

Find the highest common factor of the two polynomials

f(x) = 2* — 1323 4 5822 — 96z + 36
g(x) = z* — 1123 + 3622 — 242 — 36.

Find all the roots of the equation f?(x) — g?(x) = 0.

Question (1939 STEP I Q302)

The quartic equation
st +ax® + b +cx+d=0

has four real roots. Prove that

(i) 8b < 3a?;

(i) 8bd < 3c?;

(iii) 8bd = 3c2, if 8b = 3a?;
)

(iv) ¢= 0, if 8b < 3a?, 8bd = 3c2.
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Question (1923 STEP IIII Q302)

Having given that a quadratic function of x assumes the values Vi, V5, V3 for the
values £ = a,x = b,z = ¢ prove that the function must be

(x —b)(x —¢) (z —c)(x —a) (x —a)(x—0)
(a—0b)(a—rc) (b—c)(b—a) (c—a)(c—b)"

A variable quantity which can be represented by a quadratic function of the time
assumes the values 144, 15.6, 18 at 10 a.m., 1 p.m. and 2 p.m. on a certain day.
Find the value at noon, and find at what time the quantity assumes its least value.

Vi + Vs + Vs

Question (1926 STEP I Q401)

Solve the equations:
(i) 16z(x +1)(z+2)(x+3) =9,
(i)
T+y+z=aryz,

yz + zx + zy = b,
(1 +2*)(1+y*) (1 +2%) = (1+0)?

where a is not equal to 1.

Question (1927 STEP I Q401) (i) Solve the equation

4 2 )
B} =T —X.

2 -2z x2-—z

2
(ii) Prove that z = satisfies the equation
n

(z—12+Q2z—-1P3+Bz 13+ +(nz—1)3=0,

and find the quadratic equation satisfied by the other two roots.

Question (1941 STEP III Q408)

Ify = %, determine the range of values possible for y when x is real. Sketch
the graph of the function.

10
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Question (1914 STEP IIII Q401)

Factorize
(1) (b—1¢)® + (c—a)’+ (a —b)°.
(2) (z+y+2) —2"—y" —2".
Solve the equations

yz+zx+ay=a?—22 =02 —y? =2 — 22

Question (1914 STEP IIII Q405)

Determine graphically or otherwise for what values of A the equation 2z® — 1522 +
24x — X\ = 0 has three real roots.

Question (1925 STEP II Q505)

Investigate the maxima and minima of the function (x + 1)3/(2% + 1) and trace
its graph. Prove that the equation (z 4 1)®> = m(2® + 1) has three real roots if
0 < m < 16 and only one real root (—1) if m < 0 or m > 16.

Question (1927 STEP II Q501)

Find the linear factors of
ad(b—c)+b3(c—a)+3(a—b).
Show that if 23 + 32 + 23 = 3mayz, and

azx’ + by? + ¢z =0
ayz +bzx + cxy =0

then
a® + b + ¢ = 3mabe.

Question (1934 STEP III Q506)
The ordinate of any point on a curve is equal to a cubic polynomial in the abscissa.
The curve touches Ox at the origin and intersects that axis again at the point (2,0).
Prove that the tangent to the curve at its point of inflexion cuts Ox at the point
(3. 0).

Sketch the curve.

11
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Question (1915 STEP IIII Q501)

Solve the equation
(x —1)(z+2)(z + 3)(z + 6) = 160.

Eliminate x,y, z from

t4+y—z=a, 2+ —22=0, B+ -22=¢, zyz=d>

Question (1914 STEP I Q702)
Find the factors of
a®(b—c) + b*(c —a) + (a — b).

Shew that if
3 + y3 + 25 = 3xyz,
az? +by? +cz? =0,
ayz + bzx + cxy = 0,

then
a® + % + & = 3abe.

Question (1924 STEP I Q707)
Prove that a + b — ¢ — d is a factor of

(a+b+c+d)?—6(a+b+c+d)(a®+b°+c+d*) +8(a® + b + & + d°);

and resolve this expression into its simple factors.

Question (1922 STEP I Q813)
Let f,(x) be a polynomial defined by the equations

fo(z) =1, fi(z) = z, fo(z) = (anx + bp) fa—1(x) — cnfn—2(x), (n=2,3,...)

where a,,, b,, ¢, are functions of n and a, > 0,¢, > 0. Prove that all the roots of
fn(z) = 0 are real and that between any two consecutive roots of f,,(z) = 0 there lies
a root of f,_1(z) = 0. Defining Legendre’s nth polynomial P,(z) as the coefficient

of h™ in the expansion of
1

V1 —2xh + h?

prove that all the roots of P,(z) = 0 are real.

12
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Question (1914 STEP II Q802)

Express the left-hand side of the equation

2t + 823 — 1222 + 1042 — 20 =0

as the product of two quadratics with rational coefficients, and solve the equation.

13




