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Question (1984 STEP I Q12)

The function f(x) has first and second derivatives for all values of x and satisfies the
equation

zf"(z) + f'(z) + zf(z) =0,

together with the condition f(a) = 0 for some a > 0. By considering the derivates
with respect to x of (xf(z)f'(z)) and (22 f'(x)?), or otherwise, show that

¢ 2 —ax’x2x21a2la2
/Oa:f(ﬂz)dx—/o f(x)°d Q[f()]

Question (1971 STEP II Q5)
Verify that

n+1 1
;{f(n)—l—f(rH—l)}—/n ' f(x)dx—;/o H1— )" (¢ + n)dt.

Using the inequality

0<t(l—t)<= if0<t<l,

e

show that
n+1

1
i{logn +log(n+1)} = / logzdx —ry, (n>0),

n

where

Deduce that, for all positive integers N,
1
log N! = <N+2> logN — N +1— Rpy,

where

1 1
<Ry<-(1-=).
O_RN_8<1 N>

Question (1976 STEP II Q4)

Find the straight line which gives the best fit to zcosz for —§ < x < 75 i.e., find
constants a, b such that

[ME]

(zcosz — ax — b)2dx
3

is as small as possible.

Question (1983 STEP II Q2)
By evaluating the integral, sketch

f(x)—/oﬂ( sin 6 df

1 — 2z cosd + 22)1/2
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Question (1978 STEP III Q8)
A function f(z) is defined, for > 0, by

fy= [ 2
e —1+/(1 =2zt + 22)

Prove that, if 0 < z < 1, then f(z) = 2. What is the value of f(z) if z > 17 Has
f(x) a derivative at © = 17

Question (1969 STEP IIII Q5)

Evaluate o oo )
sin cx
/ / e * dxdc,
0 0 T

£ g
SN x
dx.
0 T

and hence evaluate

Question (1982 STEP IIII Q1)
Find the derivative of tan~[(b% — 22)Y/2/(2% — a?)'/?] and hence evaluate

b zdxr
o (0% — 22)1/2(z2 — g2)1/2

An unknown function f(x) is related to a known continuous function g(z) by

N d
9(2) :/0 (Z2f£777)72;71/2

Show that the function f(x) may be found from

2d [* z)zdz
=2z [ wromm

Question (1959 STEP IIII Q107)

Let
1 dx
fv) = /1 2/ (1 — 2zy + y2)

where the positive value of the square root is taken. Prove that f(y) =1 if |y| < 1.
Find the value of f(y) when |y| > 1. Hence or otherwise prove that if |y| < 1, then

/1 (x — y)dx B /1 (x 4+ y)dx
y (I=2zy+¢2)32  J_, (14 2zy+y2)32
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Question (1963 STEP IIII Q107)

e . . 2 Lodo
Criticize the following arguments: (i) 5+fo0$0 = QS—T—CtaiQ T = %tan_l(% tan %9),
" fOQW 5+ffose = 2(tan"' 0—tan—' 0) = 0. (ii) The differential equation y” +2y'y = 0

is satisfied by the functions y = 1/x and y = cot x; its general solution is therefore
Acotz + B/xz. Another solution is y = tanh x, therefore tanh z is equal to a linear
combination of cot z and 1/z. Solve the differential equation completely.

Question (1964 STEP IIII Q309)

Show that the function )
f@:/ L i

is bounded for x > 0, and find the points x at which it attains its greatest and least
values in this range. (A function f(z) is said to be bounded over a certain range if a
real number C' can be found such that |f(z)| < C for all z in that range.)

Question (1960 STEP II Q106)

Obtain indefinite integrals of the functions

0o tans
(11) 1E‘Iclanxm’

with respect to x. The following ranges of integration are proposed for the two
functions respectively

(i) (_270)7 (072);
(ii) (0, iw), (%ﬂ', %71'), (%7’[‘,7‘(‘).

State in each of the five cases whether the integration is possible, justifying your
answers and giving values when they exist.

Question (1956 STEP IIII Q306)

Find
(i) fol cos1 V1 — x2dx,
ol
(11) 0 ]__|_:Cd2x+x47

(i) [ ——

1 o
(@24+1) 2 +(x2—1)2
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Question (1955 STEP II Q204)

Defining an infinite integral by the equation [ f(x)dz = limx fOX f(z)dx, show
how to integrate an infinite integral by parts. By integration by parts, show that

4 [ sin3:vd > sinzxd b sinxd
3 o T = o~ T = . z.
0 0 0

(It may be assumed that these integrals exist.)

Question (1946 STEP IIII Q106)

Prove Simpson’s formula %h(yo + 4y1 + y2) for the area bounded by a curve of the
type y = A + Bz + Cx?, two ordinates of heights 1, 72 and the axis y = 0, where y;
is the height of the mid-ordinate and h is the interval between successive ordinates.
To approximate to the area under a curve for which yo = 0 and the tangent at this
point of intersection with y = 0 is perpendicular to y = 0, it is sometimes convenient
to fit a curve of the type y? = z%(a + bx) to the points (0,0), (h,y1), (2h,y2). Show
that the corresponding formula for the area is %h(4\/§y1 + y2). Hlustrate these rules
by finding approximately the area of a quadrant of a circle of radius a. The area is
to be divided into strips of breadth %a by lines parallel to a bounding radius; for the
two longer strips use Simpson’s rule.

Question (1944 STEP IIII Q306)

Evaluate the integrals

/1 sin™! d /“/2 dx /°° dx
x? . . b .
o (1+x)2 o 2cos?z + 2coszsing + sin’x o (EF—a+1)(14+e %)

Question (1946 STEP IIII Q307)

Find ( 1d
x—1)dx _
% ze® sin xdx.
/ V1 + 22
Prove that

™

/2 log(2sinz)dz = /2 log(2cosx)dz =

0 0

log(2sin z)dx,

™

o

and that each equals 0.

Question (1944 STEP II Q107)
Evaluate [;° ( de 027r 11+ 2 cos x| du, f25 zdr

1+z) ¥z’ V{6—2)(z—2)}
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Question (1944 STEP II Q110)

State, without proof, the conditions that the expression A\? + 2H\ + B should be
positive for all real values of \. If f(¢) and g(t) are real continuous functions, show,

by expressing f: [Af(t) + g(t)]2dt in the form AN? +2H\ + B, that

[/abf(t)g(t) dtr < /ab[f(t)]2dt-/ab[g(t)]2dt,

State under what conditions the equality holds. Prove that, if z > 0, then

et —1< /0 V(e +etydt < \/{%(efc —1)(e2® — 1)}

Question (1945 STEP II Q105)
Find - p p
/ s 562 v , /xl’ /x3sinx2dx.
o 2>+xz+x+1 (z3 —1)3

Question (1946 STEP II Q108)
A function f(z) is defined, for z > 0, by

so= [ &
e —1 /{1 =2zt + 22}’

where the positive value of the square root is to be taken. Prove that, if 0 <z <1,
f(z) = 2. What is the value of f(x) if x > 17 Has the function f(z) a differential
coefficient for x = 17

Question (1944 STEP II Q408)
Prove that:

(i) 273372 > foﬂ/g sin? z dx > 227371,

(ii) 27 > 12]5/4tan%xda: > 73,
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Question (1946 STEP II Q406)

(i) Prove that
/°° dv /°° xdr 27w
0 1 -+ IL'3 - 0 1 -+ 1’3 - 3\/§

(ii) By means of the substitution (1 + ecos®)(1 — ecosv) = 1 — €2, or otherwise,
show that, if e < 1,

(1-— 62)7"7% /Ow(l +ecosp) "dop = /Ow(l — ecos )" Ldp.

/7r sin? 0df
o l+ecosh’

Hence evaluate

Question (1946 STEP II Q204)
If 42 = p(x — a)? + q(z — B)?, X = r(z — a)? + s(z — B)?, where «, 3 are unequal,
prove that the substitution £ = (z — «)/(z — ) reduces the integral [ Xffiffly to the

form (1 £)2n+1
¢f (e + 5y

where 72 = p€? + ¢, and k is a constant (to be determined). Prove that this last
integral can be expressed as the sum of integrals of the types

. d§ . dn
0| Gerarm 0 O | gy

and that (i) can be found when m = 0 by the substitution u = n/¢.

Question (1914 STEP I Q113)

Shew how to integrate
1

(z — z0)y/(ax? + 2bx 4 ¢)’
and prove that the integral will be algebraical if and only if aa:% + 2bzg + c = 0.

Question (1915 STEP I Q102)

A sphere is divided by two parallel planes into three portions of equal volume; find
to three places of decimals the ratio of the thickness of the middle portion to the
diameter of the sphere.

Question (1921 STEP I Q112)

Evaluate the integrals

1 2 T
1 2x* — 2x —
/ +xdx, /mdx, / sin® z dz, /azsinxdx.
o V1—=x 222 — bx — 3 0
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Question (1926 STEP I Q114)

Integrate
de de
3
/tan 0do, /x4+1’ /asin0—|—bcosﬁ'

Question (1930 STEP I Q105)

Evaluate
/1 \/ﬁ /°° dx /°° da
d$7 477 - .
o V14 o z*+1 o coshz+1

Question (1931 STEP I Q109)
Find

. dx [

0 [ o= 0 [ i
and shew that, if ¢ and b are positive,

T sin? x dx i T
=— or —
o a?—2abcosx + b2  2a?

according as a is greater or less than b.

Question (1932 STEP I Q106)
Find

(i) / cot® 2 sin® z du,

.. dx
(i) / 4+ 2z’

e dx
(iii) /0 T
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Question (1933 STEP I Q106)
Prove that, if 0 < o < 7, then

N|=

/” # o«
o 1l+4cosacosf sina’

What is the value of the integral when © < o < 277 If

I, = /(x2 + a)Pdx,

shew that
(2p + VI, — 2pal, 1 = z(z* + a)?,

and, hence or otherwise, evaluate

/Oo dx
0 (.%'2 + 1)4 '
Question (1934 STEP I Q109)
Evaluate
dzx
/ tanz +c
Shew that A ”
T(x—1) 1 /7r ™
———dr=- and Vtanxdr = —.
/0 (x+1)° 5 0 V2

Question (1935 STEP I Q109)

Evaluate the indefinite integrals

/dw /wew sin xdx / dr
z(xt — 1) ’ (x—1)vVa2 -1

Question (1938 STEP I Q110)

Evaluate the integrals

2 0o
/1 V(2 —-2)(z—-1)}dx, /0 (14 z%)2%e % dx.

Question (1939 STEP I Q110)

Evaluate:
/ (x + 1)dz ©  dx /”/QCOSJU—I—QSinx—i—Qd
Y 13 xX.
z+/ (22 — 4) o cosh®z 0 (1 +2cosx)?
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Question (1940 STEP I Q110)
Evaluate . /4
1- T * xd
[ [t [Tt
o V1+z o costw o z°+1

Question (1942 STEP I Q103)

Find the sum of the first n terms of the series

1 T x2
+ +

I-o(-22) (-20-2)  a-Ha-2) "

Deduce the sum to infinity in the cases |z| < 1 and |z| > 1. Hence, or otherwise,
obtain the sum of the infinite series

1 1 1
sinh w sinh 2u + sinh 2u sinh 3u + sinh 3w sinh 4u +

. ey

where w is real and different from zero.

Question (1915 STEP I Q112)

A segment of a circle is to have a given area, and the length of the chord of the
segment together with n times the length of the arc is to be a minimum. Prove that
if n > 1 the segment must be greater than a semicircle, and that the angle in the
segment must have its secant equal to n.

What is the solution if n < 17

Question (1915 STEP I Q115)

Evaluate ;
zdx
/ 22— a2)? 1 0222’ a>0,b>0,

distinguishing between the cases in which b < 2a and b > 2a.

Question (1921 STEP I Q112)

Evaluate f02 (d—” the positive value of the root being taken. Indicate how

3—z)v2z2+4x+9’

you would proceed to evaluate the integral if 3 — z were replaced by (3 — x)2.

Question (1914 STEP I Q116)

Calculate a d
, x
i log zd —
/(mcosm) z, /xogx Z, /0 13+ 5cosz
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Question (1937 STEP I Q104)

A variable point P lies in a fixed plane containing a fixed point A. A particle at P is
under the action of a force of magnitude \/AP (where A is a constant) directed along

ﬁ. Prove that, if the particle is displaced along a straight line from P; to P», the

work done by the force in the displacement is A log ﬁ—%. If B is another fixed point

of the plane, and an additional force of magnitude \/BP directed along B? acts

on the particle, prove that the work done by the resultant force in the displacement

from P; to P is Alog ﬁ%:g%.

Question (1915 STEP I Q114)

Integrate the functions

1

— z2sin®z, € cos2z.
z(z? + a?)

Prove that L
/ z?log xdx = —%.
0

Question (1916 STEP I Q112)
If 2= (1—-2azx + a2)_%, prove that

0 9\ 0% 0 [ 20z
8ac{(l—;zc)(ax}—i—aa{a 8@}—0.

Question (1916 STEP I Q117)
Integrate [(1+ x2)e®dz; [ secd zdx; and prove that

/Oo 3z + 4)dx 2 47
o (

= Zlog, 2+ .
2+2@+at+l) 3 T3/

Question (1917 STEP I Q115)

: so—1 sin® z dz o] dx a z3dz
Find [sin™" xdz, [ $557, [) (1+$2)2,f0 =,

Question (1919 STEP I Q114)

Evaluate the integrals

2 9 92 1
/W‘_dﬂf, /:Usinﬂlx, / (1- xQ)%dx
(z + 1) —1

10



SM LFM Pure - Integration - Advanced Conceptual Topics

Question (1921 STEP I Q103)

The infinite series
co+er+-ten,t+... (1)

and the infinite continued fraction
ai
(2)
ag

bo +

b1 +
Qan

bodvoed —
L

are said to be equivalent if, for each value of n,
_Pn
dn

Sh ]
where

Spn=co+c1+--+cp,
ax

&:b()-F

a
qn by + 2

an
b2+'--+bf

n

By finding the value of Z—: - 2 “=", or otherwise, shew that the continued fraction (2)

is equivalent to the series

a ala aiag...a
L o (A

dn—14n

Again, by solving the equations

Sp = bnsn—l + apSn—2,
1=b,-1+a,-1,

for a,, and b, or otherwise, shew that the series (1) is equivalent to the continued

fraction
+ =
C
0 1_ CQ/Cl
C3/C9
1+co/fc1 — / - /C ;
1 e Loy =
+Cg/02 1—|—cn/cn,1—...

and find the series equivalent to

a1

ap +
a2

1—

A S S

11
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Question (1924 STEP I Q105)

Explain the usual process for finding the H.C.F. of two polynomials U(x),V (z) and
shew that, if they have no common factor, then polynomials L(z), M (z) can be
found such that

L(z)U(z) + M(z)V(z) = W(z),

where W (x) is any other given polynomial. Discuss the case
d
Ulz) =Q(), V(z)=—-0Q(z), W(z)=P(),

where Q(x) has no repeated factors and the degree of P(x) is less than that of Q(z),
and shew how a reduction formula for the integral

P(x)
/ Q™

may be found. Reduce, and thus evaluate

/ 23 — 1 -
(@3 =3z +1)2

12
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Question (1925 STEP I Q105)

The functions f and ¢ are supposed to have as many derivatives as may be required
over the ranges considered. Shew that, if ¢ is subject to the conditions

F0) =0, ¢(R)=¢(B) =" (B) =0, .evvreerererr., (1)
then
h h
/0 F(t)8" (t)dt = F(h)$"(h) — F(0)8"(0) + /O F(t)4" (),
where
F(t) = fle+1) + fle—1),

c and h being real constants and h positive. Shew that there is a polynomial in ¢ of
the fourth degree satisfying (1), and deduce the formula

cth h 1 h
| f@yds = glrehrraf@ferh)) -z [ (=t (30 (£ ety £ (e b))
c—h 0

Deduce that, if f is a polynomial of the third or lower degree, the value (a) of the
integral on the left is given exactly by the first term (o') on the right, and that if f
is a general function whose fourth derivative satisfies the inequalities

I<f"x)<L, (c—h<z<c+h)...... (2)

then limits to the error involved in taking o/ as an approximation to « are given by

1 5 / 1 5
— <o -—a< —h’L.
90hl_oz a_90h

Deduce that, if we approximate to the definite integral

b
A:/ Al > )

by Simpson’s rule, i.e. by dividing (a,b) into 2n parts each of length h (2nh = b—a),
by points
a = xg,T1,...,Tom = b,

and taking as an approximation the sum

h
Al = g[yo + Yo +2(y2 +ya + -+ Yon—2) + 4y +ys + - + Yan—1)],

where y, = f(x,), then limits to the error will be given by

1 1
—(b—a)h 1 <A — A< —(b—a)h'L,
180 180

provided that (2) is satisfied throughout the interval a < x <b.

13
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Question (1931 STEP I Q104)

Prove that the radius of curvature p of a curve f(z,y) = 0 is given by the formula

; = (foof? = 2oy fofy + FundD/(F2 + P2,

where suffixes denote partial differentiation. The equation f(z,y,a) = 0 represents
a family of curves. Prove that, if p, p’ denote the radii of curvature of a particular
curve and of the envelope of the family at the point where they touch, then

fua (/1) _ ;) Uy fas — Fofua) (24 £2)72 =0,

Question (1940 STEP I Q106)

If m and n are unequal integers, prove that

¥ sin? x 1 Y=m gin2 ru X=m gin2 ru
dr = du — du
x z(z—m)(z—n) m—="n \Jy-n u X-n u

and hence, or otherwise, find the value of
/ o sin? 7z
dx.
—oo (@ —m)(x —n)

Question (1916 STEP I Q105)

The circle of curvature of a curve, at a point P, may be defined (1) as a circle which
passes through P and has its centre at the limiting position of the intersection of the
normals at P and a neighbouring point @; (2) as the limit of a circle which touches
the curve at P and passes through a neighbouring point Q; (3) as the limit of a circle
passing through P and two neighbouring points @ and R; (4) as the circle which
has the closest possible contact with the curve at P. Give a careful proof that these
four definitions are equivalent. Obtain formulae for the radius of curvature of curves
given in the forms (1) s = f(¢), (2) f(z,y) =0, (3) x = ¢(t),y = ¥ (t); and apply
one or other of them to the parabola, ellipse, four-cusped hypocycloid, and catenary.

Question (1920 STEP I Q113)

Evaluate the integrals

(2 — 42 1 w/2
/x2 log x dzx, / (gjxa) dx, ——dx, / cos? 0 sin? 26 d6.
0

5+ 4sinx

14
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Question (1921 STEP II Q208)

Prove the formula p = r% for the radius of curvature of a curve f(r,p) =0. If ¢ is

the length of the tangent from the pole to the circle of curvature at any point of
the curve, show that t> = %(r%), where v = ;1). Deduce that if all the circles of

curvature of a curve pass through a fixed point, the curve must be a circle.

Question (1921 STEP II Q209)

Integrate

/xx/%’ /(w+1)2(i§+x+1)

If [ f(z)dz =1log[l+ f(x)], determine f(z).

, / 22 sec? x tan z dz.

Question (1923 STEP II Q209)

Evaluate the following:

b dx (1 — 2?)dx
/G\/(b—ac)(w—a)d:v, /(a—i—bsinx)cosx’ /(1+x2)\/m'

Question (1926 STEP II Q208)

Show how to find f ﬁ%dm. Find the condition that it should be a rational

function.

Question (1929 STEP II Q210)

(i) Evaluate
/ (x — 3)dz
4z2 + 5z + 1

(ii) Given log;qe = 0.4343, prove that

3
1
/ zlog,, (1 + > dx = 1.601.
1 T

(iii) Find a reduction formula for foﬂ/ ?sin™ z dz where n is a positive integer, and

evaluate
/2
/ sin® x dz.
0

Question (1933 STEP II Q209)

Integrate

2
2
22\ /(1 4 22), (;05756 ™ (log x)2.

2 2
SIn- T COS“ X

15
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Question (1933 STEP II Q210)
(i) Evaluate

/°° dx
o (22 +a?)(z? +b2) (2% + 2)’
where a,b and c are positive.

(ii) Find a reduction formula for the integral

™
4 dx
o cos"x’

and evaluate the integral for the cases n = 1, 2.

Question (1936 STEP II Q209)
A function f(z) is defined, for = > 0, by

)_/1 dt
e _1 /{1 = 20t + 22}

Prove that, if 0 < 2 <1, f(x) = 2. What is the value of f(x) if z > 1?7 Has the
function f(z) a differential coefficient for =z = 17

Question (1938 STEP II Q209)

Evaluate

1 /“ dz
“Jo x4 /(a2 = 2?)

27 : 29d0
2. / S vdy , where a > b > 0,
o a—bcosf

> /Iw aflm

Question (1938 STEP II Q210)

Define the area of the surface of a body formed by the revolution of a curve about a
straight line in its plane. A circular arc revolves about its chord; prove that the area
of the surface generated is 4ma?(sin @ — a cos @), where a is the radius and 2a(< 7)
is the angular measure of the arc.

Question (1939 STEP II Q209)

Evaluate
i

ss /2 243cosz
(11) 0 (2+-cos )2 dz.

N
x? a2+$2) 2

16



SM LFM Pure - Integration - Advanced Conceptual Topics

Question (1940 STEP II Q210)

(i) Prove that, if n is a positive integer,
2 1 /2
e cosnxrdr = AeMe —1
/0 2+ TL2{ }7

where A has one of the values +1, £n, and classify the cases.
(ii) Find the area bounded by the parabola y? = azx and the circle 22 + y? = 2a2.

Question (1941 STEP II Q209) 1. Find the indefinite integrals

1+2?)d
/(x;(lx—):c)m’ /cos4xdac.

2. Evaluate the integral

b
/ (@ - a)(b— )} dx,

where 0 < a < b.

Question (1917 STEP III Q203)

Four points lie on a circle: shew that the six perpendiculars, each drawn from
the middle point of a chord joining two points to the chord joining the other two,
pass through the same point the line joining which to the centre of the circle is
bisected by the centroid of the four points. Prove that the point of intersection of
the perpendiculars is the centre of the rectangular hyperbola through the four points
and give the limiting form of the theorem when three of the four points coincide so
that the circle is the circle of curvature at a point of the rectangular hyperbola.

Question (1920 STEP III Q213)

Integrate
() [ saetooss
() [ ertern
(i) 7 v{@=DE=2)}dz.

Question (1923 STEP III Q203)

Prove that the rectangles contained by the segments of any two intersecting chords
of a conic are to one another as the squares of the parallel tangents taken between
their intersection and their points of contact. Two chords of an ellipse Pp, QQq are at
right angles and are normal to the ellipse at P and @ respectively: show that pq is
parallel to PQ.

17
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Question (1921 STEP IIII Q204)

The diameter of a sphere is divided into two parts (of lengths p, ¢) by a perpendicular
plane which divides the sphere into segments of volumes V,V’ and of spherical
surfaces S, S’. Find (by the Integral Calculus or otherwise) formulae for V, V' and
S, S’ in terms of p, q. Obtain the theorems of Archimedes

() V:V' < 8%2:87%
(i) V2: V2> 83:83
provided that p is greater than ¢q. Shew that if t = ¢/p, then

L'? (1430
S 36m(1+1t)3’

(Note: Transcribed from image, differs from OCR.) and prove that when S’ is given,
V' is greatest for a hemisphere.

Question (1925 STEP IIII Q205)
If ax + by + cz = 1 and a, b, ¢ are positive, shew that the values of z,y, z for which

1
— + — + — is stationary are given by
Yy =z

az? = by? = c2°.

Shew that this is a true maximum or minimum if zyz > 0.

Question (1919 STEP I Q311)

Simpson’s rule for finding areas by approximation is based on the property that, if
Y1, Y2, y3 are three ordinates of the parabola y = a + bx + cx? separated by equal
intervals, the mean ordinate of the portion of the curve between the ordinates 11
and ys is %(yl + 4ys + y3). Prove this and deduce the rule. Find an approximate

value for

10
/ V6 + bz — 322 + 23 dx.
0

Question (1938 STEP I Q307)

Evaluate

/°° 22 dx
o (1+22)%2

/OO dx
—o (€F2 4+ 1)(e7®/2 + 1)

and

18
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Question (1938 STEP I Q309)

Tsiny . .. . .
Prove that —= dy is positive when zx is positive.
o ¥

Question (1939 STEP I Q308)
Find the volume of the body

(Va2 +y2 —a)? < b? — 22

for 0<b<aandfor 0<a<b.

Question (1939 STEP I Q309)
If0<a<bandiffora<z<b

f@) 20, zf'(z) + f(z) 20,

prove, by partial integration or otherwise, that

b
/ f(x) cos(log x)dz| < 2bf(b).

Question (1941 STEP I Q304)

Evaluate the integrals

/ dz /sm2xdac /M2 log(sinz cos z) dx
(14 z)(4+ 6z + 422 + 23)’ cossz e '

Question (1942 STEP 1 Q303)

Evaluate the integrals:

gl ) - (223 4+1)da
1 [ EFerdr; (i) fx(m3+1)\/m6(1+m3)2+1'

Question (1913 STEP II Q307)
Given F{s*(z — x),s3(z —y)} = 0, where s = x + y + 2, prove that

Question (1925 STEP II Q301)

Show that (ay — bxz)? — (bz — cy)(cz — az) is the product of two linear factors which
are real if ¢ > 4ab. If x + y + 2z + w = 0, prove that

wz(wtz) 2 +yz(w—2z) +wy(w+y)? +ze(w—y) 2 +wz(w+2) 2 +zy(w—2) 2 +zyzw = 0.

19
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Question (1925 STEP II Q309)

Integrate

o [

:z::Jc—i—

.. dx
(u)/o (I+2)2+2)va(l-a)

(i) / sin x dx

4cosz + 3sinz’

Ry p——
(iv) /\/a + b% cos xda:

COS T

Question (1926 STEP II Q309)

Integrate
i) [sin3z.sindz.dz,
(ii) [log.(z + va? + z?)dx

(iii) f ‘”4Iid

us
. 2 d.
(IV) 02 445 gos T*

Question (1927 STEP II Q309)

Integrate

i) [ztan~!zdz,

W) f vt

If

Yy =ag+a1xr + a2x2 + a3:c3 + a4:c4 + a5:c5,

prove that

1
1
/ ydr = 5(81/0 + 5y1 + 5y2),
—1

where yo, Y1, y2 are the values of y when x = 0, \/g , —\/g respectively.

20
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Question (1930 STEP II Q306)

A chord is drawn to cut a circle of radius a so that the smaller segment is one-sixth
of the total area. Shew that if the distance p of the chord from the centre be a cos#,
0 is given in radians by

sin90080—¢9—|—%20.

Prove that this equation has a root between 7 and % and (by simple interpolation

or otherwise) deduce an approximate value for p.

Question (1913 STEP III Q310)

d d
Interpret the expressions / xd—yds and / yd—wds when taken round the boundary
S S

of a closed plane curve. Trace the curve
y4 —2zy + 3=0

and prove that the area of a loop is %

Question (1919 STEP III Q310)

Integrate with respect to 6 the expressions and

sinl3 g I +256 —g- Prove that the straight
line 2a%x = 9b%y cuts off from the curve b?y = x2(a — ) two segments which are
equal in area.

Question (1922 STEP III Q310)
Prove that ) ) ) )
d? d 1 /d d
AN A W AR AT
d¢? de p? \ do do
2z\?  [(dy\? 1 dp\?
% + 7@/ =35 1% +4 £ .
do do p do

where z,y are the coordinates of a point on a plane curve, p the radius of curvature
at the point and ¢ the angle the tangent makes with a fixed direction.

Question (1931 STEP III Q310)
(i) Prove that

/OO dx 2 log 9

—— = - log, 2.
1 x(l4+23) 3 e
(ii) Find the area of the curve

a2y2 —_ 1,2(&2 _ 33‘2).

21
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Question (1934 STEP III Q310)
Prove that

N \/SKglxmme =7 = V3.
V3.

3 241 _1 -11
(111) f]. mdﬂ? = gtan bR

oloo

(i) [7/3(1 + tan® ) do

Question (1942 STEP III Q306)

Evaluate

b
/ V{b—2)/(z —a)ldz, a<b

by means of the substitution z = asin®6 + bcos? or otherwise. Make a rough
drawing of the curve
23 4 32y — 3a(2? — y*) =0,

and shew that the area of its loop is 3a?.

Question (1920 STEP IIII Q309)

Evaluate

/a:sinla;da; / 3a* +a—1 dx / B dzx
’ (2 +1)(xz+1)2 (az? + 2bx +¢)3

Prove that, if @ and b are positive, then

/” sin? z dx T T
= _— or —=
o a%2+b%—2abcosx 2a®  2b2%’

according as a > or < b.

Question (1921 STEP IIII Q310)

Explain the application of the integral calculus to the computation of areas (i)
in Cartesian, (ii) in polar coordinates. P and Q are two points on a rectangular
hyperbola whose centre is C and PL, QM are perpendiculars on an asymptote. Prove
that the area bounded by the lines CP, CQ and the arc PQ is equal to that bounded
by the lines PL, LM, MQ and the arc PQ.

22
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Question (1922 STEP IIII Q310)

Evaluate:
(i) f (@2 _,_LZQ)?, ;

11 f (z—2 \/ 2+2:c+3’

ies sin xdx
(111) 4cosz+3sinz’

s
(iv) [ e**sinzdz.

Question (1923 STEP IIII Q309)

Prove the following results:

™
dx — 7'(' (a2>b2 anda>())_
o a+bcosw D)
1 .
sin aedx 1
== 0
/—11—2xcosa—|—x2 277 O<a<m)

1
=57 (7 < a < 2m).

/1x2”110g(1+x)d§c—1 L+L+~-+¥
A on |12 3-4 @n—1)2n "

Question (1937 STEP IIII Q305)

Evaluate
dx

/0 (z+1)y/(522 + 122 4 8)

Question (1916 STEP I Q410)

o dz © _ dy
Evaluate fo s ey and fo @ra)/ore)”

27
I® % lies between 644 and 753; and, by integrating, that its value is about

68. (Take arc tan 5 = .322 and arc tan Z = .165.)

Shew without integration that

Question (1917 STEP I Q410)

Perform the integrations:

/((6230 + 3z) d /\/{ — /mdw-

33—1

Transform the last integral by writing sec x = sec? %y

23
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Question (1913 STEP II Q407)

Integrate with respect to x

1 1
l+z+22 @+1)Vel+az+2

By means of the substitution

 sin 2z sin 3.

1+e
1—e¢

/ﬂ de
o (14+ecosh)?

Question (1913 STEP II Q410)

Find the area of a loop of the curve

tan %9 = tan %(b,

evaluate

(2% + 49°)% = 22 — 9°.

Question (1920 STEP II Q407)

The radius R of the circumcircle of the triangle ABC' is expressed in terms of a,b
and C'; find %—f and prove that

8£ _RcosAcosB
oCc sinC

Question (1921 STEP II Q409)

Evaluate the integrals

/dw /cos:z:cos?)xdz‘ /”dQ (a >b)
2+ z)VI+z " Jo a+bcosh '

Question (1922 STEP II Q410)

Evaluate the integrals

(i) [(z+1)Vz? +z+ 1dz,
(i) [ 387,

(iii) [2?sin™'zdx,

(iV) fsin(ac—a()iﬁin(a:—b)'
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Question (1923 STEP II Q409)

Interpret the expressions (i) [« yds (i) [y%ds, (i) [ ( — y%L)ds, where the
integrals are taken round the perlmeter of a closed curve. Flnd the area of a loop of
the curve x° + y° = az?y?.

Question (1923 STEP II Q410)
Find the integrals

T—Q (1$
/m /1+a:3’/cy tanz — tana’

/7r e /1 "1 - a)td
_ x —x)"dx.
o (B+2cosz)?’”  Jy

Question (1924 STEP II Q409)

Integrate:

f (z+1 da:
(z+2

2. fﬂ/Q 2 cos xdzx,

3. f i sin wdw

sin(x—a) sin(z—b)’

™ sin? zdz
4. fO a?—2ab cos x+b2 (a >b> 0)

Question (1933 STEP II Q406)
Prove that

/OO dx Q@ B
= a < .
0o z2+2zcosa+1 sina
> dx o (2% + 1)dzx
Evaluat d .
vauae/o 2t 2r%cosa+1 0 /0 x4+ 2x2cosa + 1

Question (1934 STEP II Q407)

Evaluate
i) [¥ “3_m3fnd:p a>1;

- z(1+2?
(ii) flog%d

25
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Question (1918 STEP III Q408)
Evaluate [ sec®zdz, [ ——=22t2_dx. Prove that

{z2+4z+1}
/‘X’ z2 4+ 2 T 1
————dr = — — —.
1 xt(z?+1) 4 3

Question (1918 STEP III Q409)

Prove that the area of the curved surface and the volume of a segment of height A of
a sphere of radius a are 2rah and $wh?(3a — h). The whole area (curved and plane)
of a segment of a sphere is given to be equal to mc?. Prove that when the volume is
greatest the height of the segment is c.

Question (1930 STEP III Q410)
Prove that

o [o¢} d. _ .
(i) f1 w\/xggfl =%

(11) m dx — A
0 l1+4cosAcosz sin A *

Question (1937 STEP III Q409)
Find the integral

/(1 — x2)%d:1:,
and evaluate

/3 dx el /a+2b dx ‘
2 [(z—1)(3-2)3 atb 2a+b—/(z —a)(z —b)

Question (1941 STEP III Q405)
Prove for positive values of x, that if p > ¢ > 0, then

q(z? — 1) > p(z? - 1).

Hence, or otherwise, show that for, z > 1, and p > q > 0,

1. “pp_l > “”qq_l — (pp—qq) log, x.

2 @ =1 2 F(e - 1) - it (= - 1),

where p # n,q # n, and n > 0.

26



SM LFM Pure - Integration - Advanced Conceptual Topics

Question (1941 STEP III Q410) 1. Evaluate

27
cos(n — 1)x — cosnzx
/ ( ) d.
0

1—coszx
where n is a positive integer.

2. Find the limit of 9712 —cot’z, as ¢ — 0.

Question (1942 STEP III Q409)

If 0 < 61 < 02 < 7, prove that the volume swept out in one complete revolution
about the line § = 0 by the plane region bounded by the curve r = f(#) and the
lines = 01,0 = 65 is

2r [

[ Bsingds.

3 Jo
Prove that the locus of a point which moves so that the product of its distances from
two fixed points at a distance 2c apart is ¢? is a surface of revolution enclosing a

volume
wed {log(l +/2) — ?} .

Question (1942 STEP III Q410)

Find the values of:
1. f25(m2 — 7z + 15) dz and f315 y(dy — 11)_% dy,
2. ff(:ﬂQ — 7z + 15) dz and f35 y(dy — 11)_% dy,

and explain why the substitution y = x? — 7z + 15 appears to fail as a means of
evaluating the first integral but to succeed in the case of the third integral. Show
how to evaluate the first integral correctly by this substitution. Explain why the
substitution y = sinz in ffﬂ cos® x dx appears to give foo(l —y?)dy = 0.

Question (1933 STEP IIII Q402)

If r denotes the distance of a point @) lying on a given curve from a fixed point S in
the plane of the curve, and p is the perpendicular distance from S to the tangent at

-
@ to the given curve, shew that the radius of curvature at Q) is rd—. If the given
p

curve is an ellipse of semi-axes a and b (a > b) and S is a focus, shew that
1 2
— = — ——, wherel=1>0"/a,
a

and hence determine its maximum and minimum radii of curvature.
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Question (1925 STEP II Q508)

dr
Prove that for a plane curve p = rd—. Prove that the radius of curvature of
P

r" = a"cosnf is a”/(n + 1)r"~! and find the (p,r) equation of the evolute of the
curve.

Question (1925 STEP II Q510)

Show that the area of the surface of the spheroid formed by revolving the ellipse

2 2
X . . _ _ . . .
—+ y—z = 1 about the axis of y is 27wa® |1 + % tanh ™! e] , where e is the eccentricity

of the ellipse.

Question (1926 STEP II Q510)
Find the integrals:

(b— :c)%da:,

N

d a b
/(x—Q)\/xf—i-Z—x—i-?)’ || #tosaras, [

where c is a constant. Find the length of the spiral 7 = 30 from 6 =0 to 0 = 3.

Question (1927 STEP II Q509)

Evaluate
dx
/ V(1 +sinz)(2 —sinz)
Prove that V(4224 3)de 1 1. 17 1 . 6
[ sormrs =155t s
and

5 dz 1
—— = —log(2 3).
/0 14+2cosxz /3 0g(2+V3)

Question (1920 STEP III Q510)

For a curve defined by the equation p = f(¢) prove that the projection of the radius
vector on the tangent is j—i. For the curve

p = asinny

prove that
r? = a’n? 4+ (1 — n?)p?.

Question (1932 STEP III Q509)

Explain how to find the intrinsic (s, 1) form of the equation of a plane curve whose

pedal (p,r) equation is known. Shew that the (s,) equation of the curve p3 = ar?

is s =3a tan% + atan? %, where s and v are measured from the apse.
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Question (1915 STEP IIII Q507)

Shew how to evaluate the indeterminate forms % and 3.
Find the limit when 6 = 7 of (log(sec 6 + tan#)).(log(cosec 6 + cot 9)).

Question (1916 STEP IIII Q509)
Evaluate .
d o 2
/xQGmdaz, /a:) / xefxzda;, /2 sin? zdz.
]_ "‘ 2332 0 0

Question (1927 STEP IIII Q505)

24 &
Evaluate / %, expressing the result in real form. Prove that / Vtan6.df =
z 0

s 1
5 - E1og(f2— 1).

Question (1916 STEP IIIII Q509)

Evaluate
|

Question (1922 STEP II Q610)

[
N

s ™ 1
2
cos® zdx, / d7x7 / :E;_ dx.
0 3+2coszw o (4+22)(1—12)

Integrate
1
1+(1 2 214
/+( +$)f dzx, /e‘mcosbmdx, /2$ hi dz
1_(1+$)§ x4+ 2x+ 3
Show that
3 dx 1 /3
= —log(2 + V3).
/0 (1—-222)v1—22 2 8l )

Question (1924 STEP II Q609)
Find the values of [ seczdzr, [ z"logadz, [ —49 Show that

zvaZ+z?’

(a>b>0),

@ dx T
/b ZE\/(CL*I‘)(.I*Z))_\/%’
and that

1 4 2 57T
V1 — z?dr = —
0

256"
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Question (1926 STEP II Q611)

Integrate
/ dx / de
1+ e22’ sin?fcos?(0 + )’

and shew that if @ and b are both positive and a > b,
/ T do B T
o a+bcosd /aZ _p2

Question (1927 STEP II Q611)

—1)(z—4
Evaluate / sec® zdz, / 22 sin? zdz, / wdw. Prove that
(x — 2)(xz — 3)

Wl

1
/ cos® xsinbr = —.
0 2

Question (1920 STEP III Q601)

Evaluate the integrals

1/2
/\/a2+x2da:, / du /<1+:c> dx.

(x — 1)V2(z —2)’ 11—z

Question (1913 STEP I Q715)

Evaluate:
dr 3cosx + 4sinx 1 dr
®) /5—2x—3x2’ (i1 /QCosx—Ssinac z, (i) /0 14 2z cosa + 22

Question (1920 STEP I Q708)

Prove that the intrinsic equation which represents the curve taken up by a uniform
thin rod, when bent into a bow by means of a string attached to its ends, is

[ =
s=c _—
0 COS ) — COos «

where c is a constant. s, the distance along the curve, is measured from the middle
point of the rod. v is the angle between the tangent at any point and the tangent at
the middle of the rod. £+« are the values of ¢ at the ends of the rod. Find the law
according to which the diameter of a thin rod of circular section must taper towards
its ends in order that it may form a circle when bent so that the ends come together,
and are held in that position by a flexible joint.
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Question (1921 STEP I Q708)

The coordinates of any point of a surface are expressed in terms of two parameters
u, v, the element of length on the surface being given by

ds® = Edu?® + 2Fdu dv + Gdv?.

Prove that the measure of curvature depends only on E, F, G, and their differential
coefficients with respect to w and v. Prove that if F' = 0 for all values of v and v,
and G is a function of v alone, the curves u = constant are geodesics.

Question (1921 STEP I Q713)
If ¢(z) — 0 uniformly as |z| — oo, prove that

/ e?p(z)dz — 0
r

as R — oo, where I is the semicircle z = Re?,0 < § < 7. Hence, or otherwise, prove

that
* sin x 1
de = =m.
0 T 2

Question (1917 STEP II Q705)

Prove that for a plane curve, with the usual notation,

. d dr
sing = T cos ¢ = T

Prove that
¢ _ sin2¢ cos¢ 1ldp

ds2 — 2 pr pds

where p is the radius of curvature at the point.

Question (1918 STEP II Q708)

State and prove Cauchy’s theorem on the integral of an analytic function round a
closed contour.

Question (1918 STEP II Q710)
Prove that if s,, is the sum of the first n terms of the Fourier series of a continuous

and periodic function f(z), then

S1+ 82+ -+ 8y
n

tends uniformly to f(z) when n — co. State any extensions of this theorem with
which you are familiar. What are the principal theorems concerning the convergence
of Fourier series? How are they related to the theorem just stated?
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Question (1924 STEP II Q711)

Evaluate

™ w/2
/(1 + )V 1 — 2%dz, / cos 20 log(1 + tan #)db, / sin? 0 cos 20d6.
0 0

Prove that

m & np) / 2™ (2" + a"Pdz = 2™ (2" + a")P + npa” / 2™ (2" + a")Pda

Question (1924 STEP II Q712)

Prove that the area of the loop of the curve y*(a + =) = 2%(a — ) is 2a*(1 — %)
and that the volume formed by the revolution of the loop about the axis of z is
2ma3(log2 — 2).

Question (1922 STEP I Q814)

Prove that the value of f:OOHw

o(u)du is independent of ug, the integral being
ug+2w

taken along any path not passing through a pole of p(u). If | = fuo p(u)du,
I — fu0+2w’
uo

o(u)du, prove that

wl' — 'l = 7.

Question (1923 STEP I Q807)

Establish the formula for change of variable in a simple integral, stating carefully
what conditions you assume. The transformation sin z = y apparently gives

T 0
/ cos? zdx = / V1 —y2dy =0.
0 0

Explain this paradox.
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Question (1924 STEP I Q813)

A function f(z) is regular (holomorphic) in the domain D obtained by excluding
from the z-plane the two regions defined by

1
T<—5=0, y>0
1
x2+§+& y<0
Z2=x+1y eing a positive constant), and satisfies throughout D the mequality
iy) (0 bei iti d satisfies th hout D the i li
1£(2)] < Ke~?m4,

where K is a constant. Shew, by integrating the function f(z)/sinmz round a
suitable contour, that

dz = 2if(0),
cos Tz

/f(z+§)+f(z—5)
L

L being any rectilinear path passing through the point z = 0, extending to infinity
in both directions, and lying entirely in D; L is to be described in the direction of
increasing y. By taking f(z) = ™ and choosing L appropriately deduce the results

o 00 ) p= 0o ) —
/ e “du =+, / cosu‘du = 4/ =, / sinu’du = 4/ =.
. . 2 ) 2

Question (1919 STEP II Q813)

Evaluate the integrals

dr 3 dx

4 —1

0do t d 5+ 4cosz
/sec ) / an - raxr, /(x+1)2(932+1)7 /0 5+4cosx

Question (1914 STEP III Q805)

Prove by contour integration or otherwise that

00 ot 69 7 -G
Sin r s e S1in T s

do = = S
0 X 2 0 X 4
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Question (1922 STEP III Q809)

Find the differential equation which must be satisfied by magnetic potential in a
magnetic material the intensity and direction of the magnetisation of which is known.
A steel sphere is magnetised so that the direction and intensity of magnetisation
is constant. It is surrounded by a close fitting shell of paramagnetic material of
permeability . The outer radius of the shell is n times the radius of the steel sphere.
Show that the magnetic potential at external points is

9M pn? <COS6’>
2(p-12=n*2u+1)(p+2)} \ 2

where M is the total magnetic moment of the steel sphere.
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